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A notion of Integral Value Transformations (IVTs) is defined over N×N using pair of two variable
Boolean functions. The dynamics of the IVTs over N×N is studied from algebraic perspective. It
is seen that the dynamics of the IVTs solely depend on the dynamics (state transition diagram)
of the pair of two variable Boolean functions. A set of sixteen Collatz-like IVTs ae identified.
Also, the dynamical system of IVTs having attractor with one (Non-Collatz-like) two, three and
four cycles are studied.
Keywords: Boolean function, State Transition Diagram, Integral Value Transformations, Collatz-
like IVTs & Attractors.
1. Introduction
Classically, discrete dynamics refers to the study of the iteration of self-maps of the complex plane or real
line [Wiggins, 2003; Colo´n-Reyes et al., 2005; Aledo et al., 2013; Kova´cˇ & Jankova´, 2017]. There are plenty
of works carried out over last couple of decades [Silverman, 2007; Chamberland, 1996, 2010; Lagarias, 1985;
Barrett et al., 2004; Wang et al., 2017; Balibrea et al., 2015; Abdallah, 2016; Shi et al., 2015; Choudhury
et al., 2009a] in discrete dynamical systems as well as in arithmetic dynamics. What is not very well
studied yet is the discrete dynamics over space like natural numbers. In 2010, the notion of Integral Value
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Transformation which is a new paradigm in arithmetic dynamics [Hassan et al., 2011, 2010, 2015]. Later
in 2014, a special class of one dimensional Integral Value Transformation (called Collatz-like) is studied
in [Hassan, 2015]. A couple of other works are done on IVTs and their applications in arithmetic logical
circuit design and in Biology [Pal et al., 2012; Choudhury et al., 2009b, 2008, 2011; Das et al., 2016; Hassan
et al., 2012].
In this present article, an attempt has been initiated to understand the discrete dynamics of Collatz-like
including other two dimensional Integral Value Transformations. There are four types of dynamics seen
with regards to attractors with different cycle length(s) 1, 2, 3 and 4. All these dynamical systems end with
attractor (global and local) with a maximum of four length cycles. In addition, from the algebraic aspects
also the dynamical system of IVTs are investigated. Discrete dynamics is itself very appealing from its
application viewpoint. The present study of the dynamical systems over two dimension can be considered
for the implementation purpose as pathways for network designing converging to the desired attractor(s).
The rest of the paper is organized as follows. In Section 2, the definition of IVT in two dimensions over
the set of all natural number including zero is given. The various algebraic properties of the dynamical
system of IVTs are also investigated in this section. Section 3 deals with the dynamics of IVTs using the
state transition diagram. Some important theorems including various attractors are enumerated in this
section. Section 4 deals with the classifications of 256 possible IVTs in two dimensions based on their
dynamics over N× N. This section also highlighted the dynamics of some special class of IVTs. Section 5
concludes the key findings of current article and future research endeavors.
2. Definitions & Basic Algebraic Structures in B2 and T
Definition 1.
Integral Value Transformation in Two Dimension: (IV Ti,j) over N×N (N is set of all natural number
including zero) is defined as
IV Ti,j(m,n) = (IV T
2,2
i (m,n), IV T
2,2
j (m,n))
Here (m,n) is an element of N× N. The function IV T 2,2i is defined using fi in [Hassan et al., 2015]. fi is
a 2-variable Boolean functions.
Here we define a discrete dynamical system over N× N as
xn+1 = IV Ti,j(xn)
where xn ∈ N× N.
Definition 2. For every x0 ∈ N×N, if the trajectory of the discrete dynamical system xn+1 = IV Ti,j(xn)
eventually converges to a (0, 0) ∈ N × N, then we call such dynamical system xn+1 = IV Ti,j(xn) as
Collatz-like IVT.
Let S be the set of all possible two variable Boolean functions. Clearly, there are exactly 16 such functions.
Let T be the set of all possible IV Ti,j defined over the set N × N. Clearly, there are exactly 256 such
functions. Our aim is to comprehend the dynamics of these maps.
Result 1. The space (B2,+2, ∗2) forms a vector space over F2 = {0, 1}. Here +2 and ∗2 are modulo 2
addition and scalar multiplication. The dimension of the vector space is 2.
Result 2. The basis of the vector space (B2,+2, ∗2) consists of two elements (0, 1) and (1, 0). The dimension
of the vector space is 2.
Result 3. The space (S,⊕2,⊗2) forms a vector space over F2 = {0, 1}. Here ⊕2, and ⊗2 are modulo 2 point
wise addition and scalar pointwise multiplication.
Result 4. The basis of the vector space (S,⊕2,⊗2) consists of 4 elements f1, f2, f4, f8. The dimension of
the vector space is 4.
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Result 5. The space (T,⊕2,⊗2) forms a vector space over F2 = {0, 1}. Here ⊕2, and ⊗2 are modulo 2
function addition and scalar function multiplication.
Result 6. The basis of the vector space (T,⊕2,⊗2) consists of 16 elements IV T1,1, IV T1,2, IV T1,4, IV T1,8,
IV T2,1, IV T2,2, IV T2,4, IV T2,8, IV T4,1, IV T4,2, IV T4,4, IV T4,8, IV T8,1, IV T8,2, IV T8,4, IV T8,8,. The
dimension of the vector space is 16.
Result 7. There are 4 linear Boolean functions viz. f0, f6, f10 and f12 in S.
Result 8. There are 16 linear maps in T and they are IV T0,0, IV T0,6, IV T0,10, IV T0,12, IV T6,0, IV T6,6,
IV T6,10, IV T6,12, IV T10,0, IV T10,6, IV T10,10, IV T10,12, IV T12,0, IV T12,6, IV T12,10 and IV T12,12,.
Result 9. Sum to two linear maps in T is linear.
Result 10. Composition of two linear maps in T is linear.
Here a map fi,j is defined on the set B2 = {00, 01, 10, 11} as
fi,j(x, y) = (fi(x, y), fj(x, y))
Remark 1. IV Ti,j ∈ T is a basis element of T if and only if fi and fj are also basis elements in S
Remark 2. IV Ti,j ∈ T is linear if and only if fi and fj are also linear.
Remark 3. If fi,j is linear then fj,i is also linear.
Remark 4. None of the basis function in T is linear.
Result 11. There are 24 bijective fi,j in S. The twelve of the bijective functions are f3,5, f3,6, f3,9,
f3,10, f5,6, f5,9, f5,12, f6,10, f6,12, f9,10, f9,12, and f10,12.
Remark 5. If fi,j is bijective then fj,i is also bijective.
Result 12. There are only 6 isomorphisms (linear + bijective) exist in T. They are f6,10, f6,12,, f10,6, f10,12,
f12,6, and f12,10.
In graph theory, a directed graph G is defined as G(V,E, F ); where F is a function such that every edge
in E an oder pair of vertices in V [Trudeau, 2013].
In our context, we have designed the state transition diagram (STD) of fi,j as directed graph. For an
example, consider the domain of 2-variable Boolean functions which have four unique possibilities i.e. 00,
01, 10 and 11 for its constituent variables shown in Table 1.
Table 1. The definition of the function
f6,13.
Variables f6,13 Transitions
x2 x1 f6 f13
0 0 0 1 (00)→(01)
0 1 1 0 (01)→(10)
1 0 1 1 (10)→(11)
1 1 0 1 (11)→(01)
For the 2-variable Boolean function f6,13 of 00 → 01, 01 → 10, 10 → 11 and 11 → 01. Based on these
four transitions a directed graph called STD (G = (V,E)) can be drawn where the vertices or nodes in the
graph are four possible bit pairs i.e. V = B2 and the directed edges (E) are the transitions or mapping
from the set B2 to B2. So, STDs identify the local transformations for all possible combinations of domain
set to the rules, given the truth table of one or more rules of n-variable. The STD of function f6,13 is
shown in Fig. 1. In STD, it is noted that there will be always four nodes each node with an out degree
edge/transition, but the in degree edge for a particular node can vary from zero to maximum of four. From
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0,0
0,1
1,0
1,1
Fig. 1. The STD of function f6,13.
Fig. 1, the in-degree of node 01 is 2, 11 is 1, 10 is 1, and 00 is 0. Total in-degrees are the summand of all
in-degrees of four nodes that must be equal to 4.
The STDs of linear functions are given in Fig. 2. The STDs of only linear IV Ti,j are given, we omit other
STDs of linear fj,i.
The STDs of basis functions are given in Fig. 3. The STDs of only basis IV Ti,j are given, we omit other
STDs of basis fj,i.
The STDs of bijective functions are given in Fig. 4. The STDs of only bijective IV Ti,j are given, we omit
STDs of other bijective fj,i.
The STDs of isomorphisms are given in Fig. 5. The STDs of only IV Ti,j which are isomorphic are given,
we omit other STDs of isomorphism fj,i.
3. Dynamics of IV T i, j using STD of fi,j
From the STD of 256 functions fi,j where i, j ∈ {0, 1, . . . , 15}, the dynamics is pretty clear. There are
specifically two kinds of dynamics possible; one is attracting to a single attractor and other kind is periodic
attractor of period 2 ≤ p ≥ 4. For examples, the single attractor function is f6,13 and period 2 attractor
function is f11,4.
Theorem 1. The dynamical system xn+1 = IV T i, j(xn) is Collatz-like if and only if STD of f
k
i,j((x, y)) =
(0, 0) for all (x, y) ∈ B2, for some k ∈ N. Here fki,j denotes the k-composition of the function defined as
fki,j = fi,j(f
k−1
i,j ).
Theorem 2. There are exactly 16 Collatz-like xn+1 = IV T i, j(xn) in T.
Proof. As per definition of Collatz-like function, we are looking for functions f such that for some k,
fk((x, y)) = (0, 0)
for all (x, y) ∈ B2
Suppose fi,j has the required property and let Gfi,j be the directed graph with vertices
(0, 0), (0, 1), (1, 0), (1, 1) and edge (x, y)→ (m,n) whenever fi,j(x, y) = (m,n). Each vertex of Gfi,j has out
degree 1. We make the following claims, all of which are simple:
1. Gfi,j must have at least one cycle, say C
2. Gfi,j must be connected, and it has only one component
3. The cycle C is the only cycle in Gfi,j , since every vertex must be in the same component as (0, 0).
4. The cycle C is a sink: for each x, fk(x) is in C for all sufficiently large k 5. (0, 0) ∈ C.
6. No other vertex is in C. For if (0, 0) 6= f((0, 0)), then fk(a1) 6= fk(f((0, 0))) for every k.
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0,0
0,1
1,0
1,1
(a) f0,0
0,0
1,1
0,1
1,0
(b) f0,6
0,0
1,0
0,1
1,1
(c) f0,10
0,0
0,1
1,0 1,1
(d) f0,12
0,0
1,1
0,1 1,0
(e) f6,6
1,1
0,10,0 1,0
(f) f6,10
1,1
1,0
0,10,0
(g) f6,12
0,0
1,0
1,1
0,1
(h) f10,10
1,0
0,1
0,0
1,1
(i) f10,12
0,0
0,1
1,1
1,0
(j) f12,12
Fig. 2. STDs of 10 linear functions fi,j
So we have ((0, 0)) = fi,j((0, 0)). There are now only 4 topologies for Gf , and we can easily enumerate
them by considering how many elements have f(x) = (0, 0):
Only one function looks like this.
Six functions look like this.
Six functions look like this.
Three functions look like this.
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1,1
0,0
0,1 1,0
(a) f1,1
1,0
0,0
1,1 0,1
(b) f1,2
0,1
1,0
0,0
1,1
(c) f1,4
1,0
0,0
0,1
1,1
(d) f1,8
0,0
1,1 1,0
0,1
(e) f2,2
0,0
1,1
1,0
0,1
(f) f2,4
0,0
1,0
0,1
1,1
(g) f2,8
0,0
0,1
1,1
1,0
(h) f4,4
0,0
0,1
1,1 1,0
(i) f4,8
0,0
0,1
1,0
1,1
(j) f8,8
Fig. 3. STDs of 10 basis functions, fi,j
Hence the total is 16.

It is noted that the attractor (0, 0) is a global attractor for the Collatz-like IVTs, that is for every initial
value taken from N× N, the dynamical system takes the trajectory to (0, 0).
Theorem 3. The dynamical system xn+1 = IV T i, j(xn) possesses multiple attractor of the form (2
s−1, 0),
s ∈ N if and only if STD of fki,j((x, y)) = (1, 0), for all (x, y) ∈ B2, for some k ∈ N. Here l is a natural
number.
Theorem 4. There are countably infinite number of local attractors of the form (2s − 1, 0), s ∈ N.
Proof. For any x0 ∈ N × N, the dynamical system eventually proceeds to a point of the form (2s − 1, 0),
according to definition of the dynamical system map IV Ti,j . It is obvious that the set of all possible points
July 17, 2018 14:11 arxiv
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1,1
0,0
1,0
0,1
(a) f3,5
1,1 0,0
1,00,1
(b) f3,6
1,0 0,0
1,10,1
(c) f3,9
1,0
0,0
1,1
0,1
(d) f3,10
1,1
1,0
0,0 0,1
(e) f5,6
0,1
1,1
0,0 1,0
(f) f5,9
0,1 0,0
1,01,1
(g) f5,12
1,1
0,1
0,0
1,0
(h) f6,10
1,1
1,0
0,10,0
(i) f6,12
1,0
0,0
0,1
1,1
(j) f9,10
0,1
1,0
0,0 1,1
(k) f9,12
1,0
0,1
0,0
1,1
(l) f10,12
Fig. 4. STDs of 12 of bijective functions fi,j
1,1
0,1
0,0
1,0
(a) f6,10
1,1
1,0
0,10,0
(b) f6,12
1,0
0,1
0,0
1,1
(c) f10,12
Fig. 5. STDs of 3 isomorphisms functions fi,j
of the form (2s − 1, 0), is a subset of the N × N. Since the set N × N is countable and so the subset is
countable. Hence the theorem is followed. 
Theorem 5. The dynamical system xn+1 = IV Ti,j(xn) possesses multiple attractor of the form (0, 2
s − 1)
if and only if STD of fki,j((x, y)) = (0, 1), for all (x, y) ∈ B2, s ∈ N for some k ∈ N.
Theorem 6. There are countably infinite number of local attractors of the form (0, 2s − 1), s ∈ N for the
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dynamical system xn+1 = IV Ti,j(xn).
Theorem 7. The dynamical system xn+1 = IV Ti,j(xn) possesses multiple attractors of the form (2
s −
1, 2t − 1), s, t ∈ N if and only if STD of fki,j = (1, 1) for some k ∈ N.
Theorem 8. There are countably infinite number of local attractors of the form (2s− 1, 2t− 1) s, t ∈ N for
the dynamical system xn+1 = IV Ti,j(xn).
It is noted that there are STDs of some function fi,j such that there are periodic attractor of period p ≥ 2.
In such cases, the dynamical system xn+1 = IV Ti,j(xn) will possess to multiple attractors of form (u, 2
t −
1), (2t − 1, u), (0, u), (u, 0) and (u, v). There are few dynamical systems which are sensitive to the initial
conditions. In the following section, we shall classify all such types of dynamical systems based on their
dynamical behavior.
4. Dynamics of xn+1 = IV T i, j(xn)
Before we proceed to detail dynamics, we wish to present a vivid example of a dynamical system xn+1 =
IV T i, j(xn), xn ∈ N× N is adumbrated with different initial values and their trajectories as shown in the
Fig. 6. For an example, IV T13,3(0, 2) = (1, 3) i.e. (0, 2)→ (1, 3).
1 2 3 4 5 6 7
1
2
3
4
5
6
7
(0, 2)
(1, 3)
(1, 2)
(1, 5)
(3, 6)
(3, 4)
(0, 5)
(2, 7)
(2, 5)
(4, 0)
(7, 3)
(7, 0)
(4, 7)
(4, 3)
x
y
Fig. 6. The dynamical system of IV T13,3 for the set of integer pairs.
4.1. Their Classifications based on dynamics
In this section, we have classified the 256 of IV Ti,j into 4 disjoint classes (Class I − IV ) according to the
attractors of four different cycle length(s).
4.1.1. Class I: Dynamics of IV Ti,j: attractor with a fixed point.
A total of 125 IV Ti,j are classified into the Class-I as shown in Table-2. It is noted that each of the IVTs in
the Class-I are having attractor with one length cycle (singleton attractor). There are 16 IVTs which are
Collatz-like and rest are non-Collatz-like. For the non-Collatz-like dynamical systems, there are countable
many local attractors with one cycle.
A dynamical system IV T10,0 having an attractor with one length cycle is given in the Fig. 7.
There are other 16 out of 125 which are sensitive to the initial conditions that is their trajectories are
depending on initial values. Six possible IV Ti,j are taken and for all the cases five integer pairs trajectories
are shown in Fig. 8. It is noted that each of these initial condition provides sensitive dynamical system
ending with one cycle attractor.
4.1.2. Class II: Dynamics of IV Ti,j: attractor with two length cycles.
A total of 93 IV Ti,j are classified into the Class-II as shown in Table-3. All these IVTs in the Class-II are
having attractors with two length cycles. Some of these dynamical systems are having global attractor of
July 17, 2018 14:11 arxiv
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Table 2. Dynamics of IV Ti,j with singleton attractor or a fixed point.
Class IV Ti,j : (i, j) Attractor(s) Cardinality
1 (0,0), (0,4), (0,8), (0,12), (2,0), (2,2), (2,6), (2,8), (4,4), (4,12),
(6,4), (6,6), (8,0), (8,4), (10,0), (10,2)
(0, 0) 16 (Collatz-
like)
2 (0,3), (0,7), (0,11), (0,15), (1,14), (1,6), (1,11), (1,15), (4,7),
(4,15), (5,14), (5,15), (8,3), (8,7), (9,6), (9,7)
(0, 2n − 1) 16
3 (5,0), (5,8), (6,1), (6,9), (7,0), (7,2), (7,8), (7,9), (13,0), (13,1),
(14,1), (14,3), (15,0), (15,1), (15,2), (15,3)
(2n − 1, 0) 16
4 (9,9), (9,13), (10,11), (10,15), (11,9), (11,11), (11,14), (11,15),
(13,12), (13,13), (14,13), (14,15), (15,12), (15,13), (15,14),
(15,15)
(2n − 1, 2n − 1) 16
5 (8,11), (8,15), (9,11), (9,14), (9,15), (12,15), (13,14), (13,15) (x, 2n − 1) 8
6 (13,8), (13,9), (14,9), (14,11), (15,8), (15,9), (15,10), (15,11) (2n − 1, x) 8
7 (0,2), (0,6), (0,10), (0,14), (4,6), (4,14), (8,2), (8,6) (0, x) 8
8 (4,0), (4,8), (6,0), (6,2), (6,8), (12,0), (14,0), (14,2) (x, 0) 8
9 (8,8), (8,12), (10,8), (10,10), (10,14), (12,12),(14,12), (14,14) (x, x) 8
10 (4,11), (5,10), (5,11), (12,3), (13,2) (x, y) 5
11 (4,2), (4,3), (4,10), (5,2), (8,10), (8,14), (12,2), (12,8), (12,10),
(12,11), (12,14), (13,3), (13,10), (13,11), (14,8), (14,10)
Sensitive to the
initial
condition
16
Fig. 7. The dynamical system IV T10,0 having an attractor with length one cycle. Here a set of 64 initial points from N× N
are taken, which are in-circled. The point (0, 0) is the global attractor.
two length cycles. There are 42 out of 93 which are sensitive to the initial conditions that is their trajectories
are depending on initial values. Thus, each of these initial conditions provides sensitive dynamical system
ending with two length cycle attractor.
A dynamical system IV T4,5 having an attractor with two length cycle (global attractor) is given in
the Fig. 9.
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IV T4,2 IV T4,10 IV T5,2
(1, 3)→ (0,2) (1, 3)→ (0,3) (1, 3)→ (0, 2)→ (1,2)
(5, 6)→ (1,2) (5, 6)→ (1,6) (5, 6)→ (1,2)
(7, 4)→ (3,0) (7, 4)→ (3,4) (7, 4)→ (3,0)
(5, 3)→ (4,2) (5, 3)→ (4,3) (5, 3)→ (4, 2)→ (5,2)
(6, 6)→ (0,0) (6, 6)→ (0,6) (6, 6)→ (1,2)
IV T12,2 IV T13,3 IV T14,8
(1, 3)→ (1,2) (1, 3)→ (1,2) (1, 3)→ (3, 1)→ (1,2)
(5, 6)→ (5,2) (5, 6)→ (5,2) (5, 6)→ (7,4)
(7, 4)→ (7,0) (7, 4)→ (7,0) (7, 4)→ (7,4)
(5, 3)→ (5,2) (5, 3)→ (5,2) (5, 3)→ (7,1)
(6, 6)→ (6,0) (6, 6)→ (7, 1)→ (7,0) (6, 6)→ (6,6)
Fig. 8. Trajectories of some initial values for couple of examples of IV Ti,j which are sensitive to the initial conditions.
Attractors are marked in bold.
Table 3. Dynamics of IV Ti,j with attractor with two length cycles.
Class IV Ti,j : (i, j) Attractor(s) Cardinality
1 (0,1), (0,5), (0,9), (0,13), (4,5), (4,13), (8,1), (8,5) (0, 0)⇔ (0, 1) 8
2 (1,0), (1,8), (3,0), (3,2), (3,8), (9,0), (11,0), (11,2) (0, 0)⇔ (1, 0) 8
3 (1,1), (1,5), (3,1), (3,3), (3,7), (5,5), (7,5), (7,7) (0, 0)⇔ (1, 1) 8
4 (2,5), (2,13), (3,4), (3,12), (3,13), (10,5), (11,4), (11,5) (x, x¯)⇔ (x¯, x) 8
5 (2,11), (2,15), (3,11), (3,14), (3,15), (6,15), (7,14), (7,15) (x, 2n − 1) ⇔
(x¯, 2n − 1)
8
6 (13,4), (13,5), (14,5), (14,7), (15,4), (15,5), (15,6), (15,7) (2n − 1, x) ⇔
(2n − 1, x¯)
8
7 (3,5), (3,10), (12,5) (p, q)⇔ (r, s) 3
8 (1,2), (1,3), (1,7), (1,10), (2,4), (2,10), (2,12), (2,14), (4,1),
(4,9), (5,1), (5,3), (5,7), (6,10), (6,11), (6,14), (7,1), (7,3),
(7,10), (7,11), (8,9), (8,13), (9,2), (9,8), (9,10), (10,4),
(10,12), (10,13), (11,8), (11,10), (11,12), (11,13), (12,1),
(12,4), (12,6), (12,7), (12,9), (12,13), (13,6), (13,7), (14,4),
(14,6)
Sensitive to the
initial condition
42
4.1.3. Class III: Dynamics of IV Ti,j: attractor with three length cycles.
A total of 32 IV Ti,j are classified into the Class-III as shown in Table-4. All these IVTs in the Class-III are
having attractor with three length cycles. There are some dynamical systems with global three length cycle
attractors. There are 8 out of 32 which are sensitive to the initial conditions that is their trajectories are
depending on initial values. Each of these, initial conditions provides sensitive dynamical systems ending
three length cycle attractor.
Table 4. Dynamics of IV Ti,j with attractor with three length cycle.
Class IV Ti,j : (i, j) Attractor(s) Cardinality
1 (1,4),(1,12),(2,1),(2,9),(9,4),(10,1) (0, 0)− (1, 0)− (0, 1) 6
2 (1,9),(1,13),(2,3),(2,7),(5,13),(6,7) (0, 1)− (0, 0)− (1, 1) 6
3 (5,4),(7,4),(7,6),(9,1),(11,1),(11,3) (1, 0)− (1, 1)− (0, 0) 6
4 (6,13), (7,12), (7,13), (10,7), (11,6), (11,7) (x, y)− (y, z)− (z, x) 6
5 (5,6), (5,9), (6,3), (6,12), (9,3), (9,12), (10,6),
(10,9)
Sensitive to the ini-
tial condition
8
A dynamical system IV T9,1 having an attractor with three length cycle is shown in the Fig. 10.
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Fig. 9. The dynamical system IV T4,5 having an attractor with two length cycle.
Fig. 10. The dynamical system IV T9,1 having an attractor with three length cycle.
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4.1.4. Class IV: Dynamics of IV Ti,j: attractor with four length cycles.
A total of 6 IV Ti,j are classified into the Class-IV as shown in Table-5. All these IVTs in the Class-IV are
having attractors with four length cycles. These dynamical systems do possess global attractors with four
length cycles.
Table 5. Dynamics of IV Ti,j with attractor with four length cycles.
Class IV Ti,j : (i, j) Attractor(s) Cardinality
1 (3,6),(3,9),(5,12),(6,5),(9,5),(10,3) (0, 0)− (0, 1)− (1, 0)− (1, 1) 6
A dynamical system IV T9,5 having an attractor with four length cycle is shown in the Fig. 11.
Fig. 11. The dynamical system IV T9,5 having an attractor with four length cycle.
4.2. Dynamics of IV Ti,j from Algebraic Perspective
Here we go with classification of two dimensional IV Ti,j from their algebraic perspectives such as basis,
linearity, bijective and isomorphism which are shown in Table 6.
It is to be noted that the dynamics of the IV Ti,j is not always same as the dynamics of IV Tj,i although
they belong to same algebraic class as previously pointed out.
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Table 6. Dynamics of IV Ti,j from Algebraic Perspective
Algebraic
Character
IV Ti,j :
(i, j)
Attractor(s) Remark
Basis (1,1) (0, 0)⇔ (1, 1) Period two attractor
Basis (1,2) Unse Sensitive to the initial condition
Basis (1,4) (0, 0)− (1, 0)− (0, 1) Period three attractor
Basis (1,8) (0, 0)⇔ (1, 0) Period two attractor
Basis (2,2) (0, 0) Collatz-like
Basis (2,4) Unstable Sensitive to the initial condition
Basis (2,8) (0, 0) Collatz-like
Basis (4,4) (0, 0) Collatz-like
Basis (4,8) (x, 0) Period one attractor (Non-Collatz-like)
Basis (8,8) (x, x) Period one attractor (Non-Collatz-like)
Linear (0,0) (0, 0) Collatz-like
Linear (0,6) (0, x) Period one attractor (Non-Collatz-like)
Linear (0,10) (0, x) Period one attractor (Non-Collatz-like)
Linear (0,12) (0, 0) Collatz-like
Isomorphism (6,10) Unstable Sensitive to the initial condition
Isomorphism (6,12) Unstable Sensitive to the initial condition
Linear (6,6) (0, 0) Collatz-like
Isomorphism (10,12) Unstable Sensitive to the initial condition
Linear (10,10) (x, x) Period one attractor (Non-Collatz-like)
Linear (12,12) (x, x) Period one attractor (Non-Collatz-like)
Bijective (3,5) |p + r| = |q + s| = 2n − 1 Period two attractor
Bijective (3,6) (0, 0)− (0, 1)− (1, 0)− (1, 1) Period four attractor
Bijective (3,9) (0, 0)− (0, 1)− (1, 0)− (1, 1) Period four attractor
Bijective (3,10) |p + r| = 2n − 1 Period two attractor
Bijective (5,6) Unstable Sensitive to the initial condition
Bijective (5,9) Unstable Sensitive to the initial condition
Bijective (5,12) Unstable Sensitive to the initial condition
Bijective (9,10) Unstable Sensitive to the initial condition
Bijective (9,12) Unstable Sensitive to the initial condition
5. Conclusions and Future Endeavors
In this manuscript, notion of two dimensional Integral Value Transformation is defined and studied their
dynamics of four different kinds. A special class of IVTs (Collatz-like) is identified and also some other
global and local dynamical systems. In addition, from the algebraic properties of IV Ti,j , the dynamics
are critically observed. Out of all 256 IV Ti,j in T, only six are identified as invertible IVTs as shown in
Class-IV. In our future endeavors, we wish to explore the dynamics of IVTs in higher dimension with
different p-adic bases (it is worth mentioning that the present IVTs in two dimensions are defined using
base 2.).
One of prime focuses in this investigation could be the efforts in identifying invertible IVTs which would
be immediately available for application purposes. Additionally, with regards to the design of network
pathways the global Collatz-like IVTs as well as dynamical systems with attractors having different cycle
lengths could be of high importance with regards to applications.
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